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Abstract. The effects of external magneticB0-fields on the scattering of p-polarized light from
metallic films with corrugated surfaces are investigated, withB0 along the growth axis (in the
perpendicular configuration). The Rayleigh–Fano and transfer-matrix approaches are applied to
obtain|Rp|2 for the scattered fields, with the specular magnetoreflection|R0|2 displaying minima
due to the coupling of the incident light with the surface magnetoplasmons at frequencies in the range
ωc < ω < ωH , whereωc andωH are the cyclotron and hybrid frequencies, respectively, with the
gap of the splitting decreasing as the magnetic field strength increases. The presence of a metallic
superlattice inhibits the gap between the minima of the surface magnetoplasmon polaritons. In
addition, a pseudosurface magnetoplasmon polariton is manifested for both geometries forω < ωc.

1. Introduction

Different techniques have been applied to the study of surface polaritons, attenuated total
reflectivity (ATR) [1–3] and scattering of light by rough surfaces [4–6] being two of them,
and their combination [7] another one. In the ATR method, a prism of index of refraction
np > 1 is adapted to increase the parallel component of the wave vector to allow the coupling
of the incident light with the surface mode. On the other hand, surface roughness may also
add momentum to the incident light, producing an excitation of surface polaritons.

Several approaches have been developed to investigate light scattering from rough surfaces
for local [8–11] and nonlocal [12–14] media using the Rayleigh–Fano and perturbation theories.
In addition, a coordinate transformation has been applied to explore the light scattered from
inhomogeneous surfaces [15,16]. Recent studies [6] of surface plasmon polaritons taking into
account the effects of binary metallic superlattices have been carried out on rough surfaces
for local media, in which minima of the specular reflectivity and the dispersion relation of the
surface plasmon polaritons exhibit a dependence on the surface roughness. One interesting
result concerning the surface mode dispersion relation is the appearance of a minigap [11] at
a Brillouin zone boundary, which is dependent on the material properties. However, to our
knowledge, no magnetic field effects have been considered for systems with rough surfaces. On
the other hand, magnetoplasmon polaritons have been studied in semiconductor and metallic
media, and in stratified systems of highly doped semiconductors, taking into account an applied
magnetic field in the perpendicular [17, 18], Voigt [19, 20], and Faraday [21] geometries.
Particular attention has been paid to surface and bulk modes of magnetoplasmons in periodic
arrays [22–24]. In the case of periodic superlattices [22, 25, 26] of two alternating highly
doped semiconductors, the dispersion relations of surface magnetoplasmons were discussed
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for the above-mentioned configurations, but no calculations of the optical response have been
reported yet.

In this communication, we investigate bulk and surface magnetoplasmons of a metallic
film with one surface corrugated and the other flat, and the effects of periodic superlattices
composed of alternating metallic and isotropic insulator layers, taking into account an applied
magnetic field in the perpendicular configuration—that is, theB0-field is assumed to be directed
along the growth axis of the superlattice. The Rayleigh–Fano model [4, 5] and transfer-
matrix methods [6, 25, 27, 28] are combined to explore the scattering of p-polarized light
incident upon the corrugated surface of the system and the coupling with the surface and
bulk magnetoplasmons. The isolated film is first investigated and then the effects of periodic
superlattices are considered.

2. Formalism

Let us consider the system depicted in figure 1. The free corrugated surface of the thin film is
of thicknessL + ξ(x), the frequency- and magnetic-field-dependent dielectric tensorε̃F (ω) is
at z = L + ξ(x), and the regionz < 0 is filled either with an isotropic insulator of diagonal
dielectric tensorεi (the first case), or a semi-infinite metallic [29] superlattice (the second case)
of periodd = dA +dB, wheredA anddB are the thicknesses, andε̃A(ω) andε̃B are the dielectric

Figure 1. A schematic representation of the thin film with a free corrugated surface, thickness
L + ξ(x), and dielectric tensor̃εF in contact with an isotropic insulator of dielectric constantεi
or a semi-infinite superlattice composed of alternating metallic and isotropic insulator layers of
thicknessesdA anddB, and dielectric tensors̃εA andε̃B = Ĩεi , respectively.
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tensors of layers A and B, respectively. In due course, one of the layers will be considered as
an isotropic insulator with̃ε→ Ĩεi . For the purposes of the present work, the surface profile
has the formξ(x) = ξ0 cos(2π/a)x, wherea is the period of the grating. In the perpendicular
configuration, theB0-field is directed along the growth axis of the superlattice.

The Maxwell wave equation for a nonisotropic medium has the form

∇× (∇×E)− q2
0 ε̃E = 0 (1)

with plane-wave solutions

E(r, t) =
∑
p

E0
pei(qr−ωt) (2)

where

q = (kp, 0, βp) kp = kx +
2π

a
p kx = nq0 sinθ

wheren is the index of refraction of the isotropic half-space,q0 = ω/c, andp = 0, ±1,
±2, . . .. The sum runs from−∞ to +∞, but, in practice, this sum is truncated when searching
for convergence, as discussed below. The elements of the dielectric tensorε̃ are

εxx = εyy εyx = −εxy εxz = εzx = εyz = εzy = 0 (3)

and they allow us to rewrite equation (1) in the formβ
2
p − q2

0εxx −q2
0εxy −kpβp

q2
0εyx −(q2 − q2

0εxx) 0

kpβp 0 −(k2
p − q2

0εzz)

(ExEy
Ez

)
= 0. (4)

This set of linear homogeneous equations have nontrivial solutions when the determinant of
the system vanishes, which in turn yields

−β2
p =

1

2εzz

[
k2
p(εxx + εzz)±

√
k4
p(εxx − εzz)2 + 432q2

0ε
2
yxεzz

]
(5)

where32 = k2
p − q2

0εzz. If βp is real, there is bulk mode propagation, but if it is imaginary,
there is surface mode localization.

The components of the electromagnetic fields in the rough film are expressed as

EFx =
∑
p

eikpx(E+
peiβp1z +E−p e−iβp1z + F +

peiβp2z + F−p e−iβp2z) (6)

BFy =
∑
p

γp

q0
eikpx(βp1E

+
peiβp1z − βp1E

−
p e−iβp1z + βp2F

+
peiβp2z − βp2F

−
p e−iβp2z) (7)

EFy =
∑
p

eikpx(δp1E
+
peiβp1z + δp1E

−
p e−iβp1z + δp2F

+
peiβp2z + δp2F

−
p eiβp2z) (8)

BFx = −
1

q0

∑
p

eikpx(βp1δp1E
+
peiβp1z − βp1δp1E

−
p e−iβp1z + βp2δp2F

+
peiβp2z − βp2δp2F

−
p eiβp2z)

(9)

where we have used the expressions

Byp = γpβp

q0
Exp Ezp = γ ′pExp

which are obtained from equation (4) with

γp = − q2
0εzz

k2
p − q2

0εzz
γ ′p = −

kpβp

q2
0εzz

γp δpi = q2
0εyx

k2
i − q2

0εxx
.
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For region I, we writeB = (0, Bvy , 0)e−iωt andE = (Evx , 0, Evz )e−iωt with

Bvy = ei(k0x−α0vz) +
∑
p

Rpei(kpx+αpvz). (10)

The first term corresponds to the incident field, and the second to the scattered field. For
an isotropic transparent insulator filling the spacez < 0, there are only transmitted waves;
therefore, we write

BTy =
∑
p

Tpei(kpx−αpvz) (11)

whereα2
pv = q2

0 − k2
p. To obtainEx , we use the relation

Ex = − i

q0

∂By

∂z
.

To solve for the scattered amplitudes of the electromagnetic fields, we first write out
Maxwell boundary conditions: the continuity of the tangential components of the electric field
Et and the magnetic fieldBt gives

Et = E − (n̂ ·E)n̂ (12)

Bt = B − (n̂ ·B)n̂ (13)

atz = 0 andz = L+ ξ(x). To define the unit vector̂n, letφ = c describe an arbitrary surface;
then the outward-normal unit vectorn̂ is expressed as

n̂ = ∇φ|∇φ| . (14)

Forφ = z− ξ(x), whereξ(x) is the surface profile, we have

n̂ = (−îξ ′ + k̂)/[1 + (ξ ′)2]1/2. (15)

We therefore obtain

Etx = −[1 + (ξ ′)2]−1

[
εEx +

εxy

εzz
Ey +

i

q0εzz

(
−ξ ′ ∂

∂x
+
∂

∂z

)
By

]
. (16)

Here ε = (εxx − εzz)/εzz. Applying boundary conditions (12) and (13), and after some
algebraic manipulation [4–6], we get

∑
p

(
M
(11)
lp M

(12)
lp

M
(21)
lp M

(22)
lp

)(
Rp
Tp

)
=
(
Vl
Wl

)
(17)

where the matrix elements are

M
(11)
lp = i l−peiαpvLJl−p(αpvξ0) (18)

M
(12)
lp = −

γp

q0
βp1[Sp1i l−peiβp1L − Sp2(−i)l−pe−iβp1L]Jl−p(βp1ξ0)

− γp
q0
βp2[Sp3i l−peiβp2L − (−i)l−pSp4e−(iβp2L)]Jl−p(βp2ξ0) (19)

M
(21)
lp = i l−p

(
q2

0 − kpkl
q0αpv

)
eiαpvLJl−p(αpvξ0) (20)

M
(22)
lp = ε1lp[i l−pSp1eiβp1L + (−i)l−pSp2e−iβp1L]Jl−p(βp1ξ0)

+ ε2lp[i l−pSp3eiβp2L + (−i)l−pSp4e−iβp2L]Jl−p(βp2ξ0) (21)
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Vl = −(−i)le−iα0vLJl(α0vξ0) (22)

Wl = (−i)l
q2

0 − k0kl

q0α0v
e−iα0vLJl(α0vξ0). (23)

In the expression forM(22)
lp , the coefficientsε1lp andε2lp have the form

ε1lp,2lp = ε +
εxy

εzz
δp1,2 − γp

q2
0εzz

(βp1,2 − kp(kp − kl)). (24)

In these equations,Jk(βpiξ0) are Bessel functions of the second kind. The coefficientsSpi are
defined below.

Equations (17) are the reduced Rayleigh equations that have to be solved forRp andTp,
restrictingl andp to taking values of a convergence indexN , i.e. l, p must take the values
0,±1,±2, . . . ,±N . In our case, convergence was achieved withN = 3.

In the second case we deal with the spacez < 0 filled with a [30] semi-infinite superlattice
constructed of metallic and isotropic insulator layers, as depicted in figure 1. Let us describe
the procedure used to construct the transfer matrices. For the isotropic insulator, we write

BA
y =

∑
p

eikpx(G1eiαpvz +G2e−iαpvz) (25)

EA
x =

1

q0

∑
p

αpve
ikpx(G1eiαpvz −G2e−iαpvz). (26)

Following a familiar procedure [6], we obtain(
EA
x

BA
y

)
zu

=
∑
p

MA
p

∫
dx ′ eikp(x−x ′)

(
EA
x

BA
y

)
zl

(27)

wherezu andzl stand for the upper and lower boundaries of an air gap, respectively, and the
transfer matrix has the form

MA
p =

 cosαpvdA i
ω

cαpv
sinαpvdA

i
cαpv

ω
sinαpvdA cosαpvdA

 . (28)

In a metallic layer there are four travelling waves, two moving down and two up. We use
the tangential components ofE andB, namelyEν andBν , whereν = x, y, to construct the
transfer matrix. Following reference [6] we obtain(

EB

BB

)
zd

=
∑
p

MB
p

∫
dx ′′ eikl (x ′−x ′′)

(
EB

BB

)
zi

(29)

whereMB
p = GB

pT(dB)(GB
p)
−1, with

GB
p =



1 1 1 1

δB
p1 δB

p1 δB
p2 δB

p2

−β
B
p1δ

B
p1

q0

βB
p1δ

B
p1

q0
−β

B
p2δ

B
p2

q0

βB
p2δ

B
p2

q0

βB
p1γ

B
p

q0
−β

B
p1γ

B
p

q0

βB
p2γ

B
p

q0
−β

B
p2γ

B
p

q0


(30)

and

T(dB) = diag(eiβB
p1dB , e−iβB

p1dB , eiβB
p2dB , e−iβB

p2dB).
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Then the matrix elements ofMp are

M11 = (δp2c1− δp1c2)/11 M12 = (−c1 + c2)/11 (31)

M13 = q0

(
s1

αp1
− s2

αp2

)/
γp11 M14 = q0

(
δp2

αp1
s1− δp1

αp2
s2

)/
γp11 (32)

M21 = δp1δp2(c1− c2)/11 M22 = (−δp1c1 + δp2c2)/11 (33)

M23 = q0

(
δp1

αp1
s1− δp2

αp2
s2

)/
11 M24 = q0δp1δp2

(
s1

αp1
− s2

αp2

)/
11 (34)

M31 = δp1δp2(−αp1s1 + αp2s2)/11 M32 = (δp1αp1s1− δp2αp2s2)/q011 (35)

M33 = (−δp1c1 + δp2c2)/11 M34 = δp1δp2(−c1 + c2)/11 (36)

M41 = γp(δp2αp1s1− δp1αp2s2)/11 M42 = γp(−αp1s1 + αp2s2)/q011 (37)

M43 = γp(c1− c2)/11 M44 = (δp2c1− δp1c2)/11 (38)

where11 = δp2 − δp1, ci = cos(αpid), andsi = sin(αpid), with i = 1, 2.

Figure 2. Results for the p-polarized specular reflectivity (upper panel) forθ = 10◦, a = 4000 Å,
L = 380 Å, andζ0/a = 0.0, 0.045. The thick curve corresponds to the ARF system and takes
into account an externalB0-field (ωc/ωp = 0.15) while the thin line is for the IRF system with no
external field. The resonancesR+1 andR−1 are displayed in the lower panel, taking into account
aB0-field as in the upper panel.
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It is noted that the transfer matrix of a metallic layer is of dimension 4×4 [27,28], but for
the insulator layer it is of dimension 2× 2; therefore, boundary conditions cannot be applied
to them as they stand. To obtain the total matrix, we collapse [27,28] the 4×4 transfer matrix
into a 2× 2 matrix with the use ofEA

y = BA
x = 0 evaluated at the layer surfaces, and then

apply boundary conditions. The result is cast into the form(
EA
x

BA
y

)
zd

(x) = M

(
EB
x

BB
y

)
zi

(x) (39)

whereM = MA
pMB

p . For a periodic system with periodd = da + dB, Bloch’s theorem may be
combined with equation (39) to give

M

(
EA
x

BA
y

)
z+d

(x) = eiqd

(
EA
x

BA
y

)
z+d

(x). (40)

In this equation,q is the one-dimensional Bloch wave vector.
In order to calculateG1/G2 = Sp, we consider(

EA
x

BA
y

)
z

(x) =
∑
p

eikpxGA
p

(
G1

G2

)
z

(x) (41)

Figure 3. Dispersion relations of surface and pseudosurface modes for the RF system. The
curves labelled withωi< andωi> are with no applied field while the ones labelled withωa< andωa>
were obtained taking into account aB0-field, andωc/ωp = 0.15. Recall that the pseudosurface
polaritons are located on the left of the light line. The other parameters are indicated in the figure.
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from which we obtain

Sp = (M11 +M21) + (q0/αpv)(M12 +M22)− (1 +q0/αpv)e−ipd

−(M11 +M21) + (q0/αpv)(M12 +M22) + (1− q0/αpv)e−ipd .
(42)

In this report, the specular reflectance and magnetoreflectance|R0|2, the first-order
resonances|R±1|2, and the dispersion relations of surface plasmon and magetoplasmon
polaritons are investigated. These studies are carried out by solving numerically Rayleigh
equations (17).

3. Results and discussion

Numerical calculations are presented for local corrugated metallic films—firstly, considering
the isolated film and secondly, the film in contact with a local metallic superlattice. The
nonzero elements of the metallic dielectric tensor have the forms

εxx = ε∞
[
1− ω

2
p

ω

[
ω + iτ

(ω + iτ)2 − ω2
c

]]
(43)

εxy = −εyx = ε∞
[
i
ωc

ω

ω2
p

(ω + iτ)2 − ω2
c

]
(44)

Figure 4. This figure displays the specular reflectivity (upper panel) and the resonances (lower
panel) in the presence of an external magnetic field of a corrugated film in contact with a semi-
infinite superlattice (the RF–S system) composed of alternating metallic layers with Drude dielectric
functions and isotropic insulator layers with frequency-independent dielectric functions (εi = 1.2).
ωc/ωp = 0.15, and the other parameters are shown in the figure.
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εzz = ε∞
[
1− ω2

p

ω(ω + iτ)

]
(45)

whereωc andωp are the cyclotron and plasma frequencies. In our work, we consider the
case of magnesium; thenε∞ = 1, h̄ωp = 10.5 eV, andτωp = 0.06 [29]. For most of the
cases presented,ωc = 0.15ωp and the grating perioda = 4000 Å. Thez-components of the
wave vectorβi (i = 1, 2)may take values which are imaginary, real, complex, or one real and
the other imaginary to produce bulk, surface, complex, or pseudosurface modes [3, 18, 22],
respectively.

Figure 2 shows results for isolated films. In the upper panel, the reflectivity|R0|2 is
displayed for an angle of incidence of 10◦, ξ0/a = 0.045, andL = 380 Å. At frequenciesω <
ωc, the curve with no magnetic field (the IRF system) shows no structure; in contrast, the one
with an applied field (the ARF system) displays a minimum originating from a pseudosurface
magnetoplasmon. For the regionωc < ω < ωH < ωp, whereωH = [ 1

2(ω
2
c + ω2

p)]
1/2 is the

critical frequency [31], that plays the role of an upper limit for the surface modes. The curve
with no magnetic field exhibits two pairs of minima produced by the splitting of the|R0|2
minima due to the coupling of the incident light with the antisymmetric and symmetric modes
of the flat film, respectively—that is, a surface corrugation effect. The two minima at lower
frequency were obtained withp = −1 while the other two at higher frequencies correspond
to p = +1. When a magnetic field is applied, yieldingωc = 0.15ωp, the gap of the splitting

Figure 5. The specular reflectivity of a film in contact with a superlattice (the RF–S system) made
up of alternating metallic and isotropic insulator (εi = 1.2) layers for different magnetic field
strengths with the parameters shown in the figure.
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decreases and at the same time the broad minima become less deep. To complement the
discussion on the coupling of the incident light with the surface modes, we calculated the
resonances forp = ±1 taking into account an external magnetic field, as shown in the lower
panel. Two sharp peaks were obtained corresponding to the two deepest minima of|R0|2, and
two smaller shoulders which are at the positions of the broad minima of the specular reflection.
We interpret sharp resonances as indicating strong coupling and broad resonances as indicating
weak coupling with the incident light. Resonances in the absence of applied external fields
show a similar behaviour to that in the presence ofB-fields. It is important to remark that
pseudosurface modes exhibit no resonances with these parameters.

Using the formulaKp = (2π/a)kp, wherekp = n(ωmin/c) sinθ ± p 2π/a andωmin is
the frequency of the minima of|R0|2, calculations were performed for the ‘optical’ dispersion
relations of surface plasmons and magnetoplasmons, for corrugated films (the RF system).
Here we tookn = 1, as vacuum is considered to fill the upper half-space, anticipating that no
qualitative changes would be obtained if one setn > 1. The results are shown in figure 3,
whereωi> andωa> stand for the upper branch without and with applied external fields, andωi<
andωa< label the lower branch without and withB-fields, respectively. The light lineω = ck
is also shown.ωc = 0.15ωp, ξ0 = 0.023a, andL = 380 Å. As stated before, the applied
field closes the gap of the splitting of the minima; therefore this induces no separation between
the dispersion relation curves, as depicted in the figure. On the other hand, with no magnetic

Figure 6. Comparison of the specular magnetoreflectivities of three different systems: an isolated
film (IRF system) with no applied field, an isolated film (ARF system) with an external field, and
a film in contact with a superlattice (the RF–S system). The parameters are as shown.
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field, the dispersion relations of the surface plasmons are well separated, as indicated by the
larger gap between the minima. The pseudosurface modes lie on the left of the light line;
consequently, this cannot be observed experimentally.

The reflectivity and resonances are shown in figure 4 for a rough film in contact with a
superlattice (the RF–S system) formed of alternating metallic and isotropic insulator layers.
As it is quite unimportant, and for simplicity, we setεi = 1.2. In fact, calculations with
εi = 1 have been performed that exhibit no qualitative differences from those reported here.
In the upper panel we display|R0|2, where two minima are manifested due to the coupling
of the incident light with the surface magnetoplasmon and there is an additional minimum as
a consequence of the pseudosurface magnetoplasmon presence. In the lower panel,|R±1|2
are exhibited with the resonances corresponding to the frequencies of the surface polaritons.
It is noted that no splitting of the minima appears, as in the case of an isolated rough film;
that is, the superlattice inhibits the gaps, and in addition, enhances the pseudosurface plasmon
minimum.

The effects of different choices of magnetic field strengths on the specular reflectivity are
presented in figure 5 taking into account the presence of the metallic superlattice (the RF–S
system). The parameters are;θ = 45◦, ξ0 = 0.023a, LA = LB = 50 Å, L = 300 Å. The
cyclotron frequency decreases withB0, producing a shift of the resonances towards lower
energies. The depths of the minima are affected by these variations—since they correspond to

Figure 7. Comparison of the surface plasmon polariton (SPP) dispersion relation curves for an
isolated film—curves labelled withω+,−—and a film in contact with a metallic superlattice—the
curve labelled withω/ —taking into account an external field. The parameters are shown in the
figure.
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the pseudosurface mode, they are the most sensitive to the changes.
Specular reflectivity variations as functions of the geometries are depicted in figure 6

where the parameters have the following values:θ = 45◦,LA = LB = 50 Å, andL = 380 Å.
As described above, the minima of the surface plasmons and magnetoplasmons show a split
induced by the roughness, and the gap between them decreases as the magnetic field strength
increases. These effects can be observed by comparing the curves labelled ‘ARF system’ (the
rough film with an applied field) and ‘IRF system’ (the rough film without aB0-field). On
the other hand, results for the reflectivity for a system taking into account the presence of
the superlattice exhibit no gap and an enhanced minimum associated with the pseudosurface
magnetoplasmons: see the curve labelled ‘RF–S system’.

In figure 7 we compare the dispersion relations of the surface magnetoplasmons of the
isolated rough film (the ARF curve) and the rough film in contact with the metallic superlattice
(the RF–S curve). For this figureξ0 = 0.023 a, LA = LB = 50 Å, L = 300 Å, and
ωc = 0.15 ωp. Curves for the surface modes corresponding to the ARF system (labelled
with ω±) are consequences of the splitting, while that for the RF–S system lies between those
labelledω− andω+. We have included results for the pseudosurface modes appearing below
the cyclotron frequency and to the left of the light line.

In conclusion, we have presented a study of the optical properties of plasmon and
magnetoplasmon polaritons of corrugated metallic films and corrugated metallic films in
contact with semi-infinite metallic superlattices taking into account an applied magnetic field
in the perpendicular configuration. The Rayleigh–Fano model and 4× 4 transfer-matrix
approaches have been used to calculate the specular reflectivity|R0|2, resonances|R±|2, and
dispersion relation of the surface plasmons and magnetoplasmon polaritons. The results exhibit
a dependence on the surface corrugation as well as on the magnetic field strength. The specular
reflectivity of the isolated corrugated film shows splittings of the minima due to the coupling
of light with the surface modes, corresponding to the antisymmetric and symmetric flat-film
surface waves, as produced by the nonhomogeneity of the surface, with the gap between two
minima decreasing as theB0-field increases. On the other hand, the presence of the metallic
superlattices inhibits the splitting of the minima of the flat-film antisymmetric and symmetric
modes.
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